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A mathemat ica l  model is given for the t empera tu re  dis tr ibut ion in a s t ruc ture  when the t em-  
pera tures  in the individual elements  a re  descr ibed  by one-dimensional  heat-conduction equa- 
t ions.  

We consider  here  the construct ion of a mathemat ica l  model for a s t ruc tu re ;  the problem of calcu-  
lating the t empera tu re  distributions in the individual elements is a ssumed  in essence  to have been solved. 
We now consider  element j in the s t ruc tu re .  
a nonlinear heat-conduct ion equation. 

The t empera tu re  dis t r ibut ion in this element is descr ibed by 

OT s 
--  L j T +  qv j (1) 

Ot 

with the initial and boundary conditions 

rjl~ = ri., 

Tjlr~ = T D- 

The s implest  numer ica l  solution to the boundary-value  problem of (1)-(3) occurs  [1] for a one-di-  

(2) 

(3) 

mensional  differential  operator  LjT; as LiT increases  in dimensions,  the computing t ime and s tore  volume 
inc rease  rapidly,  par t icu lar ly  on account of the nonlineari ty.  

When a mathemat ical  model is being drawn up, one can incorpora te  the working conditions to s i m -  
plify the t rea tment  and reduce the dimensionS of LjT; for instance,  in the case of a thin-walled shell  
subject  to axially symmet r i ca l  heat loading, it is sufficient to examine the one-dimensional  axial t e m p e r -  
a ture  distribution, i . e . ,  here  it is sufficient to use a one-dimensional  LjT opera tor .  Then the hea t - sou rce  
function qvj  in (1) will be the sum 

ext int 
qv j = qv ~ -7- qD ' (4) 

e x t  
where qvj is the function represent ing  the effects of the environment on the element, together  with those 

of a var ie ty  of heat c a r r i e r s  if the element is heated or cooled regenera t ive ly ,  and so on, while qivnt is the 

internal  hea t - r e l ease  function for the element.  

One might quote severa l  examples where such assumptions simplify the calculation of the t e m p e r a -  
ture  distr ibution by reducing the dimensions of LjT. 

The in teract ion between adjacent elements  is incorporated  by specifying the condition for continuity 
of the t empera tu re  and heat flux at the junction between elements : 

Ti[r~ : Try, n = 1, 2, . . . ,  N~,! (5) 

N= OTr~ 

Ox~ (6) 
n ~ l  

Then calculat ion of the t empera tu re  distr ibutions in such a s t ruc ture  may be formulated as follows: 
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one has to  find a t e m p e r a t u r e  d i s t r i bu t ion  in a s y s t e m  of coupled e l emen t s  z | v 

l | ,z,. | r r  " ~ ,  " ivz/ 

F ig .  1. The  or ien ted  
g r a p h  G' (V). 

with a g iven  ini t ia l  t e m p e r a t u r e  of (2) if  the  o n e - d i m e n s i o n a l  equa t ion  of 
(1) appl ies  to  each  e lement ,  while (5) and (6) a r e  met  at  the  bounda r i e s  of 
an  e l emen t .  

This  p r o b l e m  can  be so lved  in the  g e n e r a l  ca se  by e l e c t r i c a l  s i m u l a -  
t i o n  me thods ;  h e r e  we c o n s i d e r  a method  that  can  be used  with a digi ta l  
c o m p u t e r .  

We use  a f i n i t e -d i f f e r ence  a p p r o x i m a t i o n  fo r  the d i f fe ren t ia l  o p e r a -  
t o r s  to  c onve r t  the  p r o b l e m  of (1), (2), (3), (5), and (6) t o  a d i f f e r ence  
p r o b l e m  on g r a p h s  [3, 4]. We r e p r e s e n t  the  s y s t e m  of e l emen t s  as  an  
o r i en ted  g r a p h  G' (V) (Fig. 1), on each  a r c  of which E ~  ~G' (V) (~ is the 
ini t ia l  point  of an  a r c  and /3 is the  f inal  point),  whe re  we a r e  g iven  the  one-  
d i m e ns i ona l  h e a t - c o n d u c t i o n  equa t ion  of (1). We in t roduce  the  net '~h on 
Earl ;  the  f i n i t e -d i f f e r ence  a p p r o x i m a t i o n  a l lows one to  r e d u c e  the so lu t ion  

of (1) t o  tha t  of a s y s t e m  of a l g e b r a i c  equat ions  having  a t h r e e - d i a g o n a l  m a t r i x  for  each  a r c  of the g r aph .  
On the  b a s i s  of the  n u m b e r  of a r c ,  we r e p r e s e n t  the  c o m p l e t e  s y s t e m  of a l g e b r a i c  equat ions  as  follows : 

t~,o (E~) = :~ (x~), 

Aid (Ea~) Ti, ~-' (Ea~) -- Ci,i (Ec,~) Ti.r + Bid (Ea~) Ti. i+t (Eal~) = 

~-------~Fi, ~ (Ectg) , i = 1, 2 . . . . .  N i - - 1 ,  N~ = N~ (E~,~), ~z = I, 2 . . . . .  N, 

{ri.2 h (E~) -- ~) (x~), E** 6 G' (V), 

fA~ [ -  A.o (E~) "~.o (E~,~) + B~.o (E~,~) ~'i.~ (E~,) + 
~ea + 

+ FLo (E~,ls)] + Z [~X~ [As, ~i (E'~s) :I'i" ~i-~ (E~) -- 

--Ci.N ~ (Er Ti,s ~ (E~,.~) + F i:,v ~ (E~)] = 0. 

(7) 

We d e r i v e  the  so lu t ion  t o  (7) by  the  cyc l i c  pivot  method  [5]; the  d e s i r e d  funct ion is then  defined by 

~,+, = ~  ~ + ~ + % fr (x~) on E~(~Ea+), (8) 

"I', = ~ Tt+, + ~+, + y'i?" (x~) on E ~  (J] 6 G~'). (9) 

The  f i t t ing coef f ic ien t s  ~ i ,  ~i,  Yi, ~ i  +1, fli +t ,  "Ti +1 a r e  s e l ec t ed  to  make  the funct ion Tj ,  i sa t i s fy  
s y s t e m  (7), while  (8) and (9), r e s p e c t i v e l y ,  with i = Nj - -  1 and i = 0 b e c o m e  ident i t ies ,  i . e . ,  

ai_~ = AT  x A m ,  

[}~-1 = A-i -1 (Fi.~ + BI.~ [~3, 

"f~-i = A~ -1Bi , iYi ,  A~ = Ci,r ~ Bi , i  a i, 

i = N j - - 1 ,  N j - - 2 ,  . . . ,  0, (X0) 

-~t_: = A7 ~ (Fi., + &.~) ,  

-~+1 = ~ - l  Aj.~ %, A i = Ci.; - -  Aj.(iv 

~,§ - -  A- '  (Ai.~-[~, + Fi.,), i = 1, 2 . . . . .  N~, 

~-, = ~ = 0, ~ - ~ = 0  

We put i = 0 in  (8) and i = Nj - -  1 in  (9) on the  bas i s  tha t  

T:O (E~) = To (E~) = ~ (x~); (il) 

vEGa, ~e6 +, 
~o get  for  a l l  ~ = 1, 2 . . . . .  N~ [3] a s y s t e m  of a l g e b r a i c  equat ions  fo r  the  t e m p e r a t u r e s  at  the  v e r t i c e s  of 
~he g r a p h  (at the  points  w h e r e  the  e l emen t s  join):  
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(a) Tempera tu r e  distr ibution (b) on graph at t ime to 

where  

(x~) = ~ A~  ~'(x~) + r ~ = ~, 2 . . . . . .  ~ ,  (12) 

A~ = D~-' { fJ~Jh~ (E~) 7-, (E=~), ~ E G~ +, (13) 

The solution to system (12) gives the temperatures at the joints' and then these can be used in solv- 
ing (7) to find the temperature distribution in the structure. 

As an example we give the results for the solution of (I), (2), (3), (5), and (6) as specified via the 
graph of Fig. 2a; all the coefficients in (1) were taken as 1. Figure 2b shows the temperature distribu- 
tion on the graph for a particular instant t. The figure also shows the source functions and the cross- 
sectional areas of the joined elements. 

To conclude, we note that thermal models for complex structures based on graphs are simple and 
convenient means of incorporating the interaction between elements in a fairly rigorous fashion. 

NOTATION 

T, t e m pe ra tu r e ;  t ,  t ime;  x, l inear  coordinate;  LT, parabol ic  di f ferent ia l  opera tor ;  qV, source  
function; q ~ ,  source  function for  effects  of ambient  medium heat c a r r i e r ,  etc: ;  q ~ ,  in ternal  h e a t - r e -  
l ease  function; F, e lement  boundary;  f, contact  a r ea  of pa r t s ;  A, t he rma l  conductivity; V, set  of v e r -  
t ices ;  Earl, a r e ;  Ga ,  set  of a r c s  converging" at ve r t ex  ~; G +, set  of a r c s  diverging f rom ve r t ex  ~; G~' 
set of a rcs  at ve r t ex  ~; 'Jh, net on a r c  E ~ ;  N, set of graph ve r t i ces ;  Na, set  of graph a rc s  converging 
at v e r t e x  ~;  N}, number  of nodes on a r e  j; T] , i ,  network function at t ime  instant k; Tj, i, network func-  
t i o n a t  t ime  instant k : 0 ;  a ,  /3, and 7,  ve r t ex  indices:  j, a r c  index: i, node index. 
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